Abstract. In this note, we prove that if a free boundary constant mean curvature surface Σ in an Euclidean 3-ball satisfies a pinching condition on the length of traceless second fundamental tensor, then either Σ is a totally umbilical disk or an annulus of revolution. The pinching is sharp since there are portions of some Delaunay surfaces inside the unit Euclidean 3-ball which are free boundary and satisfy the pinching condition.
Introduction
Let W 3 be a Riemannian 3-manifold with smooth boundary and let Σ be a compact orientable surface immersed in W such that int(Σ) ⊂ int(W ), and ∂Σ ⊂ ∂W . We say that Σ is a free boundary CMC surface if its mean curvature H is constant and the boundary ∂Σ intersects ∂W orthogonally. If follows from the first variation formula that free boundary CMC surfaces are critical points of the area functional for volume preserving variations of Σ whose boundaries are free to move in ∂W (see [14] for details).
In the last decades, free boundary CMC surfaces have been investigated by many authors, and there is a crescent interest in this theme, particularly when H = 0, i.e., free boundary minimal surfaces. The most important case to be considered is when W 3 is the unit ball B 3 in the Euclidean space. In this case, the most simple examples are the equatorial flat disk and a portion of the catenoid (called the critical catenoid ) if H = 0, and spherical caps and some portions of Delaunay surfaces in the case H is constant and nonzero. Many other examples of free boundary minimal surfaces in the unit ball had been recently constructed by using the desingularization method or the gluing method (see [8, 7, 11, 9] ), and it is expected these methods can also be used to construct other examples of free boundary CMC surfaces with high genus and many boundary components.
These notes are motivated by the following geometrical characterization of the disk and the catenoid discovered by Ambrozio and Nunes. Theorem 1.1 (Ambrozio-Nunes, [2] ). Let Σ be a compact free boundary minimal surface in B 3 . Assume that for all points x in Σ,
where N (x) denotes a unit normal vector at the point x ∈ Σ and A denotes the second fundamental form of Σ. Then, i) either |A| 2 (x) x, N 2 ≡ 0 and Σ is a flat equatorial disk, ii) or |A| 2 (p) p, N 2 = 2 at some point p and Σ is a critical catenoid.
We point out that higher dimensional versions of Theorem 1.1 where recently obtained by the first and the third named authors with Gonçalves in [3] . See also [4] for a topological version for free boundary submanifolds.
The theorem above can be regarded as the free boundary version of the following classical result: Theorem 1.2 (Chern-do Carmo-Kobayashi, [6] and Lawson [12] ). Let Σ n be a closed minimal hypersurface in the unit sphere S n+1 . Assume that its second fundamental form A satisfies, |A| 2 ≤ n.
Then,
, where
On the other hand, Theorem 1.2 was generalized to constant mean curvature H hypersurfaces by Alencar and do Carmo in [1] , as we will describe below.
Let Σ n ⊂ S n+1 be a compact orientable hypersurface with constant mean curvature immersed in the unit sphere. We denote by Φ the traceless second fundamental form of Σ, that is,
where g Σ is the metric of Σ induced by the canonical metric of S n+1 , Π(X, Y ) = g Σ (A(X), Y ) is the tensor associate with the second fundamental form A of Σ. Note that H = trA is not normalized. A direct computation shows that |Φ| 2 = |A| 2 − H 2 n , and thus, |Φ| 2 ≡ 0 if and only if Σ n is totally umbilical. Because this, Φ is also known as umbilicity tensor.
Given 0 < r < 1, an H(r)-torus is a hypersurface of S n+1 obtained by the product of a sphere S n−1 r with a circle S such that H ≥ 0. In this case we consider the following polynomial
, where x 0 is a positive value that satisfies P H (x 0 ) = 0. Using these notations they proved the following: Theorem 1.3 (Alencar-do Carmo, [1] ). Let Σ n be a closed orientable CMC hypersurface with constant mean curvature H ≥ 0 in the unit sphere S n+1 . Assume that the traceless second fundamental form satisfies
Since Theorem 1.1 bears some resemblance with Theorem 1.2, whose generalization is given by Theorem 1.3, a natural question that comes up is whether the analogous result of Ambrozio-Nunes can be obtained in context of free boundary CMC surfaces in the Euclidean ball B 3 . The answer of this question is the subject of our main result: Theorem 1.4. Let Σ be a compact free boundary CMC surface in B 3 . Assume that for all points x in Σ,
Then, i) either |Φ| 2 x, N 2 ≡ 0 and Σ is spherical cap, ii) or equality in (1.2) occurs at some point and Σ is a part of Delaunay surface. The proof is inspired in the work of Ambrozio and Nunes [2] and the conclusion follows by analyzing of the convexity of the function ϕ(x) = |x| 2 2 restrict to the surface. However, we wish to point out three difficulties circumvented in the case H = 0. The first one was to found the correct condition which generalizes the condition (1.1); the second one was to guarantee that condition (1.2) implies that Hess Σ ϕ ≥ 0. At this point, the complex structure of the CMC surfaces was essential. More precisely, we use strongly the property that a CMC surface in R 3 is either totally umbilical or its umbilical points are isolated. The last difficult was to check that there are some rotational CMC annulus in the unit Euclidean ball B 3 which satisfies the condition (1.2). The natural candidates are portions of some Delaunay surfaces. Although it is intuitive, the computations are involved, since the construction of such surfaces are somewhat ingenious.
This article is organized as follows. In Section 2 we present some auxiliaries results to be used in the proof, which is detailed in Subsection 2.1. In Section 3 we show that some portions of unduloids satisfy the pinching 1.2 of Theorem 1.4 and some other portions do not.
Preliminaries and the proof of the main theorem
We start this section recalling a basic property of the local theory of surfaces in R 3 . We include a proof here for the sake of completeness.
Lemma 2.1. Let Σ be a smooth surface in R 3 and let ϕ be the function defined in
. Then, the eigenvalues of Hess Σ ϕ(x) are given by
where k 1 and k 2 are the principal curvatures of Σ with respect to the normal vector N .
Proof. Let∇ be the connection of R 3 and ∇ the connection in Σ induced by∇. Then,
Let {E 1 , E 2 } be a local orthonormal frame that diagonalizes the second fundamental form A. The result follows by noting that {E 1 , E 2 } also diagonalizes Hess Σ ϕ.
As a direct consequence we get.
Proposition 2.1. Under the same conditions of Theorem 1.4 we have
for all x ∈ Σ and Y ∈ T x Σ.
Proof. In order to prove Hess Σ ϕ(x)(Y, Y ) ≥ 0, we need to show that λ 1 and λ 2 are nonnegative. Using Lemma 2.1 and condition (1.2) we have
Therefore, we need to show that at least one λ i is non-negative. For this, we will to show that function v defined on Σ and given by
is nonnegative. Note that we can assume that Σ is not totally umbilical, otherwise it is obvious to check. Let us suppose that v(p) < 0 at some point p ∈ Σ. The free boundary condition ensures that v = 2 + H x, N = 2 along ∂Σ. Choose q ∈ ∂Σ and let α : [0, 1] → Σ be a continuous curve such that α(0) = p and α(1) = q (see Figure 2 ). Since v changes the signal along α, there is a point p 0 = α(t 0 ), t 0 ∈ (0, 1) such that v(p 0 ) = 0. The condition (1.2) implies that |Φ| 2 (p 0 ) = 0, and hence p 0 is an umbilical point. Since Σ is not a totally umbilical surface, we have that p 0 is an isolated point. So there is ε > 0 such that
Let D r0 (p 0 ) be a geodesic disk with radius r 0 centered at p 0 such that p 0 is the only umbilical point of Σ on D r0 (p 0 ). We can choose r 0 and ε in such way that
be the annulus determined by these two discs and let β denote a path in A joining the points α(t 0 − ε) and α(t 0 + ε), see Figure  2 . Again, v changes the signal along of β, and therefore there is a pointq ∈ D r0 (p 0 ) such that v(q) = 0. But, as above, it implies that q is another umbilical point in D r0 (p 0 ) which is a contradiction and we conclude that v ≥ 0 as desired. i) The geodesic curvature of ∂Σ equals 1. In particular, ∂Σ is strictly convex in Σ.
ii) The set
is totally convex, i.e., any geodesic arc γ joining two points in C is entirely contained in C.
Proof. Let α : I → ∂Σ be a local parametrization of ∂Σ by arc length. Deriving twice the expression α, α = 1 we get α , α = −1. Let ν be the co-normal vector to ∂Σ pointing inward. The free boundary condition implies that ν = −α. Thus, the geodesic curvature k g of ∂Σ is given by
In order to prove assertion ii) let us consider p 1 , p 2 ∈ C. Since ∂Σ is strictly convex, there is a geodesic path γ : [0, 1] → Σ with γ(0) = p 1 and γ(1)
ii) or C contains more than one point, and in this case, C is connected.
Proof. Since Σ is compact and ϕ is continuous, we have C = ∅. Assume that C contains more than one point, say p 1 and p 2 ∈ C, with p 1 = p 2 . Since ∂Σ is strictly convex, there is a minimizing geodesic γ : [0, 1] → Σ such that γ(0) = p 1 and γ(1) = p 2 . By item ii) of Lemma 2.2, we get γ([0, 1]) ⊂ C and therefore C is connected.
2.1. Proof of the main theorem. If inequality (1.2) is strict, then Hess Σ ϕ > 0 and assertion i) of Corollary 2.1 occurs. In this case, we claim that Σ is a topological disk, and the proof follows the same steps as in [2] , but we include it here for the sake of completeness. Assume that [α] is a given homotopy class in Σ with basis at p ∈ C. Since ∂Σ is strictly convex, we can minimize the length in the homotopy class of [α] in order to get a geodesic loopα in Σ \ ∂Σ with basis at p. Since C is a totally convex we havẽ α ⊂ C, and thus [α] is trivial. That is, π 1 (Σ, p) = 0 and Σ is a topological disk. By Nitsche theorem [13] , Σ is a spherical cap and item i) follows.
If equality occurs in (1.2) at some point then C has more than one point and we are in case ii) of Corollary 2.1. Let γ : [0, 1] → C be a minimizing geodesic joining two points in C and define c :=min Σ ϕ(x). Since γ(t) is a critical point of ϕ| Σ for each t ∈ [0, 1], we have that ∇ Σ ϕ = 0, along γ that is, there is a function a(t) such that ∇ R 3 ϕ(γ(t)) = a(t)N (t). On the other hand, ∇ R 3 ϕ(γ(t)) is orthogonal to level set S 2 ( √ 2c)= x ∈ R 3 ; ϕ(x) = c which implies that N is normal to the sphere
, an arc of a great circle. Moreover, N (t) = γ(t)/c along γ, and so γ (t) is a principal direction of Σ for each t ∈ [0, 1]. Now, let E be the unit normal vector to the plane which contains γ and consider the Killing vector field V = x ∧ E, induced by rotations of R 3 around the axis in direction to E. Define v : Σ → R by v(x) = V, N . It is well known that v is a solution to the Jacobi equation, that is,
We also note that, N (t) is parallel to γ(t), v vanishes along γ. Now, for each t ∈ [0, 1] let β t : (−ε, ε) → Σ be a curve such that β t (0) = γ(t) and dβt ds (0), γ (t) = 0. ConsiderÑ (s) the restriction of the normal vector field N to β. Then,
Now, since γ (t 0 )⊥β (0), γ (t 0 )⊥E and γ (t 0 )⊥Ñ (0) we obtain that β (0), E and N (0) are in the same plane and therefore, β (0)∧E,Ñ (0) = 0. On the other hand, since β (0)⊥γ (t 0 ) and γ (t 0 ) is a principal direction of Σ at γ(t 0 ), we conclude that β (0) is the other principal direction of Σ at β(0) = γ(t 0 ), and thereforẽ N (0)//β (0). Thus, γ (t 0 )⊥Ñ (0), γ (t 0 )⊥E, γ (t 0 )⊥β(0) and for the same reason, we have β(0) ∧ E,Ñ (0) = 0. Therefore, γ(t) is a critical point of v : Σ → R ∀ t. By a result due S. Y. Cheng [5] (Theorem 2.5), the critical points on nodal set v −1 (0) of a solution to equation like (2.4) are isolated. Since this does not occur in this case, we must have v ≡ 0. It means that the Killing field V is tangent to Σ. As V is induced by rotations, it is equivalent to say that Σ is a rotational surface. As Σ has constant mean curvature, Σ must be a portion of some Delaunay surface.
Examples
In this section, we show that there are some portions Delaunay surfaces that are free boundary on the unit ball and satisfy the pinching condition (1.2). Recall that Delaunay surfaces are complete rotational surfaces in R 3 with constant mean curvature, and they come in a 2-parameter family D H,B , where H > 0 denotes the mean curvature and B ≥ 0, B = 1. If 0 < B < 1, Delaunay surfaces are embedded and they are called unduloids. If B > 1 they are only immersed and called nodoids. If B = 0 we get right cylinders and when B → 1 they converge to a string of tangent spheres with same radii.
In order to produce our examples we need fix some notations and establish some lemmas. Let β(s) = (x(s), 0, z(s)) be a smooth curve parametrized by arc length in the xz-plane with x(s) > 0, and let denote by Σ the surface obtained by rotation of β around the z-axis. We start presenting sufficient conditions for a general rotational surface to satisfy the pinching condition (1.2).
Lemma 3.1. Suppose that the curve β satisfies the following conditions
, if z (s) = 0, and
Then, Σ satisfies the pinching condidion
Proof. It suffices to show that,
and the principal curvatures of Σ are given by
Finaly,
and condition (3.8) implies that λ 2 (s) ≥ 0 as desired.
z (s) z(s) that appears in (3.6) has an important geometric meaning. In fact, if g(s 0 ) = 0, then
That is, the directions determined by the position vector and velocity vector of β at β(s 0 ) are parallel, and thus Σ is orthogonal to the sphere of radius R = β(s 0 ) . In particular we have the following lemma.
Then, the rotation of β | [s 1 ,s 2 ] produces a free boundary surface inside the ball of radius R.
We recall that the generatrix curve of a Delaunay surface with parameters H and B can be parametrized by β(s) = (x(s), 0, z(s)), where
and z(s) =ˆs
We point out that theses functions differ from those in [10] by a translation and a change of parameters, and we do that in order to have the neck of the surface on the plane z = 0 at s = 0. Let us assume that 0 < B < 1. The key observation in this case is that the function z satisfies z 
iii) g is increasing in (−s 0 , 0) and decreasing in (0, s 0 ).
Proof. Assertion i) follows directly since g(0) =
1−B
H > 0. To proof assertion ii) we observe that, since β is parametrized by arc length, then
Finally, assertion iii) follows from equation ( Since the pinching condition (1.2) and the free boundary condition are invariant by dilations of the Euclidean metric, we can construct such examples in the unit ball B
3 . In the next we present a concrete example. The next Propostion says essentially that there are portions of nodoids that are free boundary in the ball and satisfy the conditions of Lemma 3.1. The proof follows the same spirit as in Lemma 3.3 and Propostion 3.1.
Proposition 3.2. Fix B > 1 and H > 0 and consider x, z and g as above and defined in the interval I 0 = (−r 0 , r 0 ), where r 0 the smallest positive value such that z (r 0 ) = 0. Then, there existsr ∈ (0, r 0 ) such that g(r) = g(−r) = 0. Moreover, for all r ∈ [−r,r] we have g(r) ≥ 0, x (r) > 0 and x (r)z(r) ≤ 0.
In particular, the surface obtained by rotation of β restrict to I 0 is a free boundary CMC surface in B To conclude this section we observe that there are portions of Delaunay surfaces inside the a ball which are free boundary but do not satisfy the gap condition in Theorem 1.4. To see that we define the sequence p n = β(t n ) of points on β where
That is, the points t n are defined in order to satisfy sin(Ht n + 3π 2 ) = −B, for all n ∈ N. In particular we have
x (t n ) = −B, x (s n ) = B, z (t n ) = z (s n ) = 1 − B 2 and x (t n ) = x (s n ) = 0. Another important observation is that the function z = z(s) goes to infinity when s is arbitrary larger. Thus, z(t n ) → ∞ and z(s n ) → ∞ when n → ∞. With these notations we have: Lemma 3.4. Fix 0 < B < 1 and H > 0 and cconsider the sequence p n = β(t n ) we above. Then, there is n 0 ∈ N such that the inequality is satisfied for p n , for all n ≥ n 0 .
Proof. By the proof of Lemma 3.1, we can write the eigenvalues of Hess Σ ϕ as λ 1 (t n ) = 1 + x (t n ) x(t n ) − x (t n ) z (t n ) z(t n ) = 1. and λ 2 (t n ) = x(t n )x (t n ) 2 + z (t n )x (t n )z(t n )
x(t n ) = BH B H − z(t n ) .
Since z(t n ) → ∞ when n → ∞, we can choose n 0 such that z(t n ) > B H for all n ≥ n 0 , and consequently λ 2 (t n ) < 0. Thus, λ 1 (t n )λ 2 (t n ) < 0, and by Proposition 2.1, the inequality (3.11) holds at p n as desired.
Once we have a divergent sequence of points where the pinching condition does not hold, we can find portions of Delaunay surfaces which are free boundary in a ball with a large radius and that contains some of those points.
